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∗
We give a simple example of the tight onnetion between entanglement and oherene for pure
bipartite systems showing the double role played by entanglement; it allows for the reation of
superpositions of marosopi objets but at the same time makes subsystems lose their quantum
mehanial oherene. For this we study the time evolution of the spin oherene in the Stern-
Gerlah (SG) experiment. We also show that, ontrary to the naive intuition, the spin oherene is
lost before the two beams beome separated in the spatial oordinates.
I. INTRODUCTION
The SG experiment is viewed as the standard evidene
of the quantum nature of the spin of a partile. When a
beam of spin 1/2 partiles, in the eigenstate |+〉 of Sx,
goes through a variable magneti eld in the zˆ diretion
and the emerging partiles are deteted on a sreen, one
observes the presene of two distint peaks orresponding
to the spins in the positive and negative zˆ diretion.
Besides furnishing the evidene of the spin quantiza-
tion, this experiment is onsidered the paradigm of the
measurement proess being the simplest example of o-
herene and entanglement; two features of quantum me-
hanis of whih one nds no analogue in the lassial
world.
In the SG experiment the partile enters the mag-
net in a pure state, for example, the eigenstate |+〉x
of Sx, and for the eet of measurement of the Sz
spin omponent it is desribed as a oherent superpo-
sition of the eigenstates of Sz . Later on, as an ef-
fet of the interation with the non- uniform part of
the magneti eld, these spin degrees of freedom en-
tangle with the spatial oordinates generating the state
|ψ (t)〉 = α |+〉 |ϕ+ (t)〉 + β |−〉 |ϕ− (t)〉. In the end, as a
result of the measuring proess, the quantum state ol-
lapses into one of these eigenstates.
Coherene an be observed by measuring the spin in
the x diretion to obtain 〈Sx〉. We know that spin o-
herene is lost as the state evolves in time and the two
spatial parts beome orthogonal. Sine the measurement
proess naturally involves the partial trae over the spa-
tial part of the initially pure global state the remaining
spin part beomes a mixture.
But how is this spin oherene lost in the SG experi-
ment? Is it lost just when the two beams are far away?
These are interesting questions that address the very ori-
gin of the entanglement between the states representing
dierent degrees of freedom of the partiles.
Here we intend to study the evolution of the spin o-
herene in the SG experiment and how the entanglement
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between the spin and spatial oordinates is aeted in
the ourse of time to show the double role played by en-
tanglement and oherene.
II. STERN-GERLACH MODEL
We are going to onsider the usual SG model, where
we just take into aount one diretion of the magneti
eld. For disussions on these approximations see [1, 2℄.
Within this model our Hamiltonian is
H =
p2
2m
− fσzz,
where f = µ (∂B/∂z) and we are not onsidering the
uniform part of the magneti eld, that is just responsible
for the spin preession. This Hamiltonian takes us to the
following propagator[3℄
Kss′ (z, t; z
′, 0) = 〈S |S′〉
√
m
2pii~t
exp
{
i
~
[m
2t
(z − z′)2−
m
t
△z (t) (z − z′)−△p (t) z′ − f
2
24m
t3
]}
with
△p(t) = ft, △z(t) = ft
2
2m
,
and
△z(t) = t△p(t)
m
−△z(t).
This propagator an be used to perform the temporal
evolution of the physial state in the Shrödinger pre-
sription and we employ the superposition below as the
initial state:
|ψ〉 = (α |+〉+ β |−〉)⊗ |ϕ〉 . (1)
Here |ϕ〉 is the spatial part of the physial state whih
is not initially entangled with the spin. Considering this
2initial spatial part as a wave paket with minimum un-
ertainty we have
〈z |ϕ〉 = ϕ (z, 0) = 1√√
2piσ
e−
z
2
4σ2 , (2)
whih is a Gaussian paket with width σ and entered at
the origin. Performing the temporal evolution we got
|ψ (t)〉 = αϕ+ (t) |+〉+ βϕ− (t) |−〉 , (3)
with
ϕ± (z, t) =
eiθ(t)√
σ (t)
√
2pi
exp
{
− 1
4σ (t)
2
[
z ∓△z (t)]2 +
+ i
[
m
2~t
z2 ± m
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△z (t) z + f
2t3
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+
− m
2~t
(
σ
σ (t)
)2 (
z ∓△z (t))2
]}
(4)
and
σ (t)2 = σ2 +
(
~t
2mσ
)2
.
Sine the funtion θ (t) appears only as a time depen-
dent exponent of a omplex phase it will not ontribute
to the evaluation of the probability amplitudes.
As expeted, after having interated with the magnet-
i eld the spatial and spin degrees of freedom of the
partile are now entangled. Within a time interval t the
spatial part of the wave funtion is a Gaussian whose en-
ter follows the lassial trajetory with a time dependent
width given by σ (t).
III. COHERENCE AND ENTANGLEMENT
As we are interested in the spin oherene we should
trae over the spatial oordinates and look at the o-
diagonal elements of the density operator in the spin
spae whih reads, for α = β = 1/
√
2,
ρ+− (t) =
∫
dz ϕ+ (z, t)ϕ
⋆
− (z, t) .
ρ+− (t) = exp
{
−1
2
[
1
2
△p (t)
~/2σ
(
σ
σ (t)
+
σ (t)
σ
)]2
+
− 1
2
(△z (t)
σ (t)
)2}
.
In this expression we an see that we have two terms
ontributing to the loss of oherene. The rst one is
the distane between the enters of the pakets in mo-
mentum spae, as measured in unities of the spread of
the pakets in this spae, namely ~/2σ. The seond term
also measures the distane between the pakets but in
oordinate spae instead. In this ase this measure is
taken using the spread of the paket in oordinate spae,
σ (t), as the standard. We are interested in knowing how
long it takes for the spin oherene to be lost and what
is the ontribution of eah of those two above-mentioned
terms . Dening a deoherene time, τ , as the time
sale within whih the o-diagonal element deay to 1/e,
we an show that
τ =
√
2
√
2mσ
f
[
−2
√
2fmσ3
~2
+
√
1 +
8f2m2σ6
~4
]1/2
.
As this expression does not tell us muh if it is analyzed
in its full extent we are going to do it for two partiular
limits,
8f2m2σ6
~4
{ ≫ 1 rst ase
≪ 1 seond ase
In the rst ase we approximate the deoherene time
by τ1 = ~/
√
2fσ whereas in the seond ase we do it by
τ2 =
√
2
√
2mσ/f .
Now we want to investigate how the separation between
the pakets evolves during the loss of oherene. This
distane, in the oordinate representation, is given by the
fration △z (t) /σ (t) whih assumes the following values
△z (τ1)
σ (τ1)
≈ 1√
2
~
2
2
√
2fmσ3
≪ 1
and
△z (τ2)
σ (τ2)
≈
√
2
√
2fmσ3
~2
≪ 1.
We see that in both ases the pakets are not well sepa-
rated in spae when the oherene is lost, and, therefore,
the separation of the pakets in momentum spae must
be responsible for the loss of spin oherene in the SG
experiment. This an be viewed in the gures 1, 2 and
3, where we plot the loss of oherene, as given by the
o-diagonal elements of the density operator in the spin
spae, and the probability amplitudes for the two spatial
parts. These plots were made using the typial values of
a SG experiment [4℄: m = 1, 8 × 10−25Kg (ooper atom
mass), ∂B/∂z = 103T/m and σ = 10−5m.
One should also notie that in the rst ase the spread
of the pakets in oordinate spae is not relevant, σ(t) ≈
σ, whereas in the seond ase it has to be taken in aount
sine σ(t) ≫ σ. Another way to understanding why the
momentum separation is responsible for the loss of o-
herene is to note that in the beginning, when σ(t) ≈ σ,
△z(t)
σ(t)
≈ f
2mσ
t2 (5)
3while at long times, when σ(t)≫ σ, one has
△z(t)
σ(t)
≈ fσ
~
t. (6)
Nevertheless, the momentum separation is given by
△p(t)
~/2σ
=
2fσ
~
t (7)
being always linear in t. The only possibility the spae
separation between the pakets exeeds their momentum
separation is for long times when the spae separation is
no longer quadrati but linear instead.
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Figura 1: O-diagonal elements of the density operator in
the spin spae showing the loss of oherene (solid urve) and
the entanglement between the spin and oordinates degrees
of freedom (dashed urve). Plotted with the typial values
mentioned in the text.
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Figura 2: The probability amplitudes for the spatial part of
the wave funtion at 2 ns, when oherene is very small.
Another interesting thing to look at is the behaviour
of the entanglement between the spin and spatial oordi-
nates. As we are dealing with a global pure state we an
use either the von Neumann [5℄ or the linear entropy of
one of the subsystems as a measure of entanglement. We
shall develop the latter in what follows.
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Figura 3: Probability amplitudes for the spatial part of the
wave funtion at 10 us, time interval beyond whih the pakets
start to beome separated.
Usually we have a bipartite system with the global
state given by
|ψ (t)〉 = αϕ+ (z, t) |+〉+ βϕ− (z, t) |−〉
and as the oeients α and β vary the degree of en-
tanglement of the state of the system also hanges. Two
extremes ases are the state of maximum entanglement,
the Bell state, in whih the oeients are both 1/
√
2
and the separable state (non-entangled) in whih one of
the oeients is zero.
In our ase we have a dierent physial situation sine
what is varying is not the oeients but the states them-
selves. In other words, we are varying the states ϕ+ (z, t)
and ϕ− (z, t) that start parallel to one another and be-
ome orthogonal as time evolves. The entanglement be-
tween the spatial and spin degrees of freedom an be giv-
en, in terms of the linear entropy of the spin subsystem,
by EL = 1 − ρ2+−(t). In this expression we an see the
lose onnetion between entanglement and oherene;
as one of them inreases the other is fated to derease.
This behaviour an be observed in Fig. 4 where we have
ploted EL(t) and ρ+−(t) in the typial SG experiment.
As expeted, the entanglement vanishes at the beginning
and inreases as the states beome orthogonal, having as
a onsequene the loss of spin oherene.
This example learly shows the double role played by
entanglement; it allows for the reation of superpositions
of marosopi objets but at the same time makes sub-
systems lose their quantum mehanial oherene.
For the sake of ompleteness, we should mention that
one ould also think about traing out the spin degrees of
freedom and see the oherene in the oordinate represen-
tation as an interferene pattern between the two beams
in a double slit experiment. The only "problem"here is
that the spin degrees of freedom are always orthogonal
whih makes the redued density matrix in oordinate
spae diagonal and destroy the possible oherene at any
time.
4Finally, sine the present analysis makes the onne-
tion between entanglement and oherene lear only for
pure states it would be desirable to extend it to mixed
states as well.
SUMARY
We have given a simple example of the onnetion be-
tween entanglement and oherene showing how the spin
oherene is lost in a SG experiment as the spatial and
spin degrees of freedom beome entangled. We have al-
so observed that, ontrary to the expetations, the spin
oherene is lost muh faster than the two beams be-
ome learly separated. It is worth ommenting that we
have used the word deoherene with a somewhat dif-
ferent meaning from that used in the urrent literature.
Here we do not have a real environment as the ause of
deoherene, and therefore are referring to a possible ase
of reversible deoherene. Reovery of oherene should
be ahieved simply by reombining the two beams (See
Ref.s [6, 7, 8℄ for more details on this).
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